Continuity Properties of ε-Solutions for Generalized Parametric Saddle Point Problems and Application to Hierarchical Games  by Morgan, Jacqueline & Raucci, Roberto
 .JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 211, 30]48 1997
ARTICLE NO. AY975362
Continuity Properties of e-Solutions for Generalized
Parametric Saddle Point Problems and
Application to Hierarchical Games*
Jacqueline Morgan and Roberto Raucci
Dipartimento di Matematica e Applicazioni, Uni¨ ersita di Napoli ‘‘Federico II’’,Á
Complesso Monte S. Angelo, Via Cintia, 80126, Napoli, Italy
Submitted by Helene FrankowskaÂÁ
Received August 10, 1995
1. INTRODUCTION
Let X, Y , and Y be three topological spaces and f be an extended1 2
real valued function defined on X = Y = Y . Given two multifunctions,1 2
K defined on X = Y and non-empty valued in Y and K defined on1 2 1 2
X = Y and non-empty valued in Y , for any x g X let us consider the1 2
 w x.following cross constrained also called generalized in 8 parametric
saddle point problem:
¡find y , y g Y = Y such that y g K x , y , y g K x , y , .  . .1 2 1 2 1 1 2 2 2 1
and~S x .
f x , y , y s inf f x , y , y s sup f x , y , y . .  . .1 2 1 2 1 2¢  .y gK x , y  .1 1 2 y gK x , y2 2 1
 .  .Let S x be the set of solutions to S x .
Having in mind to give existence and approximation results for bilevel
problems in which the lower level is a parametric saddle point problem, we
are interested by the continuity properties of the multifunction S and
more precisely we want to determine sufficient conditions on the data in
order to obtain S closed graph, lower semicontinuous or open graph. Some
w xconditions have been given in 4, 1, 7 which guarantee the multifunction S
to be a closed graph but, as shown in Section 2, even for nice functions and
multifunctions, the lower semicontinuity of the multifunction S is not
*This research has been supported by MURST Roma, Italy.
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guaranteed. So in this paper e-saddle points will be considered and
 .continuity properties of the multifunction S ., e defined by these approxi-
mate solutions will be studied for e G 0. More precisely, conditions of
minimal character on the data will be given in a sequential setting in order
 .to obtain S ., e lower semicontinuous, closed graph or open graph.
Note that these results will give an extension, to saddle point problems,
of the continuity results obtained for approximate solutions to parametric
w x w xoptimization problems 14, 15, 13 . For links with the results obtained in 7
see Remarks 3.1 and 3.6.
The non-explicit constraint case and the general cross constrained case
 .will be together considered respectively in Sections 3 and 4 . Let us note
that the results of Section 4 are not a direct application of those of Section
3 but new concepts of convexity and continuity of a pair of multifunctions
that have to be introduced which will be also applied to constraints defined
by inequalities. In Section 5 such results will be used to give existence and
approximation results for the so-called weak hierarchical saddle point
 .problem w-HSPP , a bilevel problem in which the lower level is a
parametric saddle point problem, which corresponds to particular classes
w x.of noncooperative games with one leader and two followers 3 ,
find x g X such that¡~w-HSPP . inf sup l x , y , y s sup l x , y , y , .  .1 2 1 2¢xgX  .  .  .  .y , y gS x y , y gS x1 2 1 2
where l is an extended real valued function defined on X = Y = Y .1 2
w x For a first introduction of the weak bilevel problems see 10 in which
.such problems were called generalized Stackelberg problems .
2. PRELIMINARIES
First, we recall some definitions and continuity properties of multifunc-
 w x.tions see, for example, 2, 12 .
Let W and W be two topological spaces and G be a multifunction1 2
from W to W . By the graph of G we indicate the following subset of1 2
W = W :1 2
graph G s w , w g W = W such that w g G w . 4 .  .1 2 1 2 2 1
 . w xMoreover, let A be a sequence of subsets of W then 9 :n n 1
 .u g Lim inf A if and only if there exists a sequence u convergingn n
n
to u in W such that u g A for n sufficiently large;1 n n
 .u g Lim sup A if and only if there exists a sequence u convergingn k
n
 .to u in W such that u g A for a selection of integers u .1 k n kk
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DEFINITION 2.1. The multifunction G is sequentially lower semicontin-
 .uous at w g W if for any sequence w converging to w in W we1 1 1, n 1 1
have
G w : Lim inf G w , .  .1 1, n
n
 .that is, for any sequence w converging to w in W and any w g1, n 1 1 2
 .  .G w , there exists a sequence w converging to w in W such that1 2, n 2 2
 .w g G w for n sufficiently large.2, n 1, n
DEFINITION 2.2. The multifunction G is sequentially open graph at
 .  .w g W if for any sequence w converging to w , for any w g G w1 1 1, n 1 2 1
 .  .and any sequence w converging to w , we have w g G w for n2, n 2 2, n 1, n
sufficiently large.
DEFINITION 2.3. The multifunction G is sequentially closed graph at
 .w g W if for any sequence w converging to w in W , we have1 1 1, n 1 1
Lim sup G w : G w , .  .1, n 1
n
 .that is, for any sequence w converging to w in W and any sequence1, n 1 1
 .  .w converging to w in W such that w g G w for a selection of2, k 2 2 2, k 1, nk
 .  .integers n , we have w g G w .k 2 1
In the paper, the following notations will be used:
¨ x , y s inf f x , y , y ; ¨ x , y s sup f x , y , y . .  .  .  .1 2 1 2 2 1 1 2
 .y gK x , y  .1 1 2 y gK x , y2 2 1
2.1 .
 .   .Remark 2.1. For i s 1, 2 let R x, y s y g K x, y such thati 3yi i i 3yi
 .  .4  .f x, y , y s ¨ x, y and, for any x g X, let F x be the multifunc-1 2 i 3yi
tion defined by
F x , y , y s R x , y = R x , y for any y , y g Y = Y . .  .  .  .1 2 1 2 2 1 1 2 1 2
 .  .Then the set S x of the solutions to the problem S x is nothing but the
 .set of fixed points of the multifunction F x .
In the following example, even if the function f and the multifunctions
K and K are ``nice,'' S is not lower semicontinuous.1 2
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w x  .EXAMPLE 2.1. Let X s Y s Y s 0, 1 , f x, y , y s xy y , and1 2 1 2 1 2
 .  .  .K x, y s Y , K x, y s Y for any x, y , y g X = Y = Y . We have1 2 1 2 1 2 1 2 1 2
w x w x0, 1 = 0, 1 if x s 0
S x s .  w x 40 = 0, 1 if x / 0
and it is easy to verify that the multifunction S is not lower semicontinu-
ous in 0.
Because the lower semicontinuity of S is essential in order to obtain
 .existence results for multilevel problems see Section 5 , the following
 .approximate solutions for S x will be considered:
 w x.  .DEFINITION 2.4 see, for example, 6 . Let x g X. The pair y , y g1 2
 .Y = Y is an e-saddle point for the problem S x if it is a solution to the1 2
problem
¡find y , y g Y = Y .1 2 1 2
such that y g K x , y , y g K x , y , .  .1 1 2 2 2 1
sup f x , y , y y inf f x , y , y .  .1 2 1 2~  .S x , e y gK x , y .  . 1 1 2y gK x , y2 2 1
is well defined and
sup f x , y , y y inf f x , y , y F e , .  .1 2 1 2¢  .y gK x , y . 1 1 2y gK x , y2 2 1
 .  .  .  .where a y b is well defined if a y b is not q` y q` or y` y y` .
 .  .We denote by S x, e the set of solutions to the problem S x, e .
Now, let us define another concept of approximate solution to the
 .problem S x which will be useful in order to establish continuity results
 .on S ., e :
 .DEFINITION 2.5. Let x g X. The pair y , y g Y = Y is a strict1 2 1 2
 .e-saddle point to the problem S x if it is a solution to the problem
¡find y , y g Y = Y .1 2 1 2
such that y g K x , y , y g K x , y , .  .1 1 2 2 2 1
sup f x , y , y y inf f x , y , y .  .1 2 1 2~Ä  .S x , e y gK x , y .  . 1 1 2y gK x , y2 2 1
is well defined and
sup f x , y , y y inf f x , y , y - e . .  .1 2 1 2¢  .y gK x , y . 1 1 2y gK x , y2 2 1
Ä .We denote by S x, e the set of the strict e-saddle points to the problem
Ä .  .S x , that is, the set of solutions to the problem S x, e .
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 .  .Remark 2.2. In order to obtain ¨ x, y y ¨ x, y always well de-2 1 1 2
fined, we will suppose that f is marginally proper with respect to the
constraints, that is,
for any x g X , y g Y there exists y g K x , y such that .2 2 1 1 2 2.2 . y g K x , y and f x , y , y - q`; .  .2 2 1 1 2
for any x g X , y g Y , there exists y g K x , y such that .1 1 2 2 1 2.3 . y g K x , y and f x , y , y ) y`. .  .1 1 2 1 2
 .  .  .If K x, y s Y and K x, y s Y , a function f satisfying 2.2 and1 2 1 2 1 2
 . w x2.3 will be called, as in 5 , marginally proper.
 .Remark 2.3. As shown by Example 2.1 the multifunction S ., e can be
lower semicontinuous for e ) 0 even if S is not. In fact we have
w x w x w x¡ 0, 1 = 0, 1 if x g 0, e~ eS x , e s . w x x x0, = 0, 1 if x g e , 1¢ x
 . w x w x w xfor 0 - e - 1 and S x, e s 0, 1 = 0, 1 if x g 0, 1 and e G 1.
 . w xHowever, let us note that the multifunction S ., e is open graph on 0, 1
with
e¡ w x x x0, = 0, 1 if x g e , 1
x~ÄS e s . w x w x w w0, 1 = 0, 1 if x g 0, e¢w w w x0, 1 = 0, 1 if x s e
Ä . w x w x w xfor 0 - e - 1, S x, e s 0, 1 = 0, 1 if x g 0, 1 , and e ) 1 and
w x w x w w0, 1 = 0, 1 if x g 0, 1ÄS x , 1 s .  w w w x0, 1 = 0, 1 if x s 1.
 .Remark 2.4. Another concept of the approximate saddle point to S x
 w x.can be defined in the following way see 16 :
¡find y , y g Y = Y .1 2 1 2~Ã such that y g K x , y , y g K x , y , .  .S x , e . 1 1 2 2 2 1¢f x , y , y F ¨ x , y q e and f x , y , y G ¨ x , y y e . .  . .  .1 2 1 2 1 2 2 1
w xfor relations with the concept given in Definition 2.4 see, for example, 6 .
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 .3. PROPERTIES OF THE MULTIFUNCTION S ., e
UNDER UNEXPLICIT CONSTRAINTS
 .Now we suppose that for any x, y , y g X = Y = Y we have1 2 1 2
 .  .K x, y s Y and K x, y s Y .1 2 1 2 1 2
 .In this case the saddle point problem S x becomes
find y , y g Y = Y such that .1 2 1 2
S x .  f x , y , y s ¨ x , y s ¨ x , y , .  . .1 2 1 2 2 1
 .  .  .  .where ¨ x, y s inf f x, y , y and ¨ x, y s sup f x, y , y .1 2 1 2 2 1 1 2
y gY1 1 y gY2 2
 .Let us recall that, for e ) 0, the set S x, e is non-empty iff the function
 .  w x.f x, ., . has a saddle-value see, for example, 3 , that is,
inf sup f x , y , y s sup inf f x , y , y . .  .1 2 1 2
y gY y gY1 1 1 1y gY y gY2 2 2 2
In the following we suppose that the previous equality is satisfied and we
start by giving a result about the closedness graph of the multifunction
 .S ., e .
PROPOSITION 3.1. Let x g X. If the following assumptions are satisfied,
¡for any y , y g Y = Y , for any sequence x .  .1 2 1 2 n
con¨erging to x in X and any sequence y con¨erging to y .2, n 2~ 3.1 .there exists a sequence y such that .1, n
lim sup f x , y , y F f x , y , y .  .n 1, n 2, n 1 2¢
nª`
¡for any y , y g Y = Y , for any sequence x .  .1 2 1 2 n
con¨erging to x in X and any sequence y con¨erging to y .1, n 1~ 3.2 .there exists a sequence y such that .2, n
lim inf f x , y , y G f x , y , y .  .¢ n 1, n 2, n 1 2
nª`
the function f is marginally proper , that is,¡
for any x g X and y g Y1 1~there exists y g Y such that f x , y , y ) y` and . 3.3 .2 2 1 2
for any x g X and y g Y2 2¢there exists y g Y such that f x , y , y - q`, .1 1 1 2
 .then the multifunction S ., e is sequentially closed graph in x for any e G 0.
 .  .Proof. Let x be a sequence converging to x and y , y be an 1, k 2, k
 .  .  .sequence converging to y , y such that y , y g S x , e for a1 2 1, k 2, k nk
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 .selection of integers n . Then for any k g N,k
¨ x , y y ¨ x , y F e 3.4 .  .  .2 n 1, k 1 n 2, kk k
 .and from 3.3 we have
lim inf ¨ x , y y lim sup¨ x , y F e . 3.5 .  .  .2 n 1, k 1 n 2, kk kkª` kª`
 .  . w xFrom assumptions 3.1 , 3.2 , and Proposition 3.1.1 in 12 , the marginal
 4function ¨ is upper semicontinuous in x = Y and the marginal function1 2
 4  .  .¨ is lower semicontinuous in x = Y . Then ¨ x, y y ¨ x, y F e and2 1 2 1 1 2
the proof is concluded.
w xRemark 3.1. In 7, Theorem 1 it is shown that if ¨ is u.s.c. and ¨ is1 2
l.s.c., the multifunction defined by approximate solutions related to our
concept is closed graph. Differently, in Proposition 3.1, we gave sufficient
conditions for the closedness, not on marginal functions but explicitly on
the data of the problem.
Moreover Proposition 3.1 corresponds to a slight generalization of
w xTheorem 3.10 in 1 in which the following assumptions are considered in
order to obtain also the convergence of the values:
¡for any y , y g Y = Y , for any sequence x converging to x in X , .  .1 2 1 2 n
and any sequence y converging to y , there exists a sequence .~ 2, n 2
y converging to y such that lim sup f x , y , y F f x , y , y .  .  .1, n 1 n 1, n 2, n 1 2¢
nª`
3.1e .
¡for any y , y g Y = Y , for any sequence x converging to x in X , .  .1 2 1 2 n
and any sequence y converging to y , there exists a sequence~  .1, n 1
y converging to y such that lim inf f x , y , y G f x , y , y . .  .  .¢ 2, n 2 n 1, n 2, n 1 2
nª`
3.2e .
w x3For example, the function f : 0, 1 ª R defined by
y q y if y , y / 0, 0 .  .1 2 1 2
f x , y , y s .1 2 1 if y , y s 0, 0 .  .1 22
 .  .  .satisfies conditions 3.1e and 3.2 but not condition 3.2e .
Finally we note that, as shown by the following example, the assumption
 .3.3 is an essential one.
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w x3  4EXAMPLE 3.1. Let f : y1, 1 ª R j q`, y` defined by
1¡
if x , y / 0, 0 .  .2~ < < < <x q yf x , y , y s . 21 2 ¢q` if x , y s 0, 0 . .  .2
 .  .The function f is continuous so conditions 3.1 and 3.2 are satisfied but
 . w x  .f 0, y , 0 s q` for any y g y1, 1 and 3.3 is not satisfied for x s 0.1 1
 . w x  4Now, let x be a sequence in y1, 1 y 0 converging to 0 and letn
3  .  .  .  .y s x . We can prove 0, 0 f S 0, e and 0, 0 g Lim sup S x , e for2, n n n
 .any e ) 0. So the multifunction S ., e is not closed graph in 0.
 .Let us note that the assumption 3.3 can be weakened in the following
way: there exists a neighbourhood U of x such that for any u g U, for any
 .y g Y , there exists y g Y such that f u, y , y ) y` and for any1 1 2 2 1 2
 .u g U, for any y g Y , there exists y g Y such that f u, y , y - q`.2 2 1 1 1 2
Remark 3.2. It can easily be proved that under the assumptions of
 .  .Proposition 3.1 we have also Lim sup S x , e : S x for any sequencen n n
 .  .x converging to x and any sequence e converging to 0.n n
Now, let us give a lower semicontinuity result about the multifunction
Ä .S ., e defined in Definition 2.5.
PROPOSITION 3.2. Let x g X. If the following assumptions are satisfied,
¡for any sequence x con¨erging to x and any y g Y there exists a .n 2 2
sequence y con¨erging to y such that for any sequence y in Y~  . .2, n 2 1, n 1
there exists y g Y satisfying lim inf f x , y , y G f x , y , y .  .¢ 1 1 n 1, n 2, n 1 2
nª`
3.6 .
¡for any sequence x con¨erging to x and any y g Y there exists a .n 1 1
sequence y con¨erging to y such that for any sequence y in Y . .~ 1, n 1 2, n 2
there exists y g Y satisfying lim sup f x , y , y F f x , y , y , .  .2 2 n 1, n 2, n 1 2¢
nª`
3.7 .
Ä .then the multifunction S ., e is sequentially lower semicontinuous at x for any
e ) 0.
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Proof. First of all let us prove
¡for any sequence x converging to x and any y g Y there exists a .n 2 2
sequence y converging to y such that~  .2, n 2
lim inf ¨ x , y G ¨ x , y . . .¢ 1 n 2, n 1 2
nª`
3.8 .
 .  .In fact, let x converging to x, y g Y and y be the sequencen 2 2 2, n
 .  .defined in 3.6 . There exists a minimizing sequence y such that1, n
lim inf f x , y , y F lim inf ¨ x , y . . .n 1, n 2, n 1 n 2, n
nª` nª`
 .From 3.6 there exists y g Y such that1 1
lim inf f x , y , y G f x , y , y . .  .n 1, n 2, n 1 2
nª`
 .  .  .But f x, y , y G ¨ x, y so we can deduce 3.8 .1 2 1 2
Analogously we can prove
¡for any sequence x converging to x and any y g Y .n 1 1
there exists a sequence y converging to y such that .~ 1, n 1 3.9 .
lim sup¨ x , y F ¨ x , y . . .2 n 1, n 2 1¢
nª`
Ä .Now, let us prove that S ., e is lower semicontinuous at x g X for any
Ä .  .  .  .e ) 0. In fact let x converging to x and y , y g S x, e . From 3.8n 1 2
 .  .  .and 3.9 there exist two sequences y and y converging respec-1, n 2, n
tively to y and y such that1 2
lim sup¨ x , y y lim inf ¨ x , y F ¨ x , y y ¨ x , y - e . .  . .  .2 n 1, n 1 n 2, n 2 1 1 2
nª`nª`
 .Let a s e y h r2 with
h s lim sup¨ x , y y lim inf ¨ x , y . .  .2 n 1, n 1 n 2, n
nª`nª`
 .  .There exists n e such that, for n G n e ,1 1
¨ x , y - lim sup¨ x , y q a .  .2 n 1, n 2 n 1, n
nª`
 .  .and there exists n e such that, for n G n e ,2 2
¨ x , y ) lim inf ¨ x , y y a ; .  .1 n 2, n 1 n 2, n
nª`
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 .   .  .4then, for n G n e s max n e , n e we have0 1 2
¨ x , y y ¨ x , y .  .2 n 1, n 1 n 2, n
- lim sup¨ x , y y lim inf ¨ x , y q 2a .  .2 n 1, n 1 n 2, n
nª`nª`
s h q e y h s e .
Ä .  .and we can conclude that y , y g S x , e with y ª y and1, n 2, n n 1, n 1
y ª y .2, n 2
 .   ..Remark 3.3. Assumptions 3.6 respectively 3.7 can be weakened
Ä  .  .4 assuming that y g Y is such that y g Y : y , y g S x, e / B re-2 2 1 1 1 2
Ä  .  .4 .spectively y g Y is such that y g Y : y , y g S x, e / B .1 1 2 2 1 2
Ä .  .  .By strengthening assumptions 3.6 and 3.7 we can obtain S ., e open
graph.
PROPOSITION 3.3. Let x g X. If the following assumptions are satisfied,
¡for any sequence x converging to x , any y g Y .n 2 2
any sequence y converging to y and any sequence y in Y .  .2, n 2 1, n 1~there exists y g Y such that1 1
lim inf f x , y , y G f x , y , y .  .¢ n 1, n 2, n 1 2
nª`
3.10 .
¡for any sequence x converging to x , any y g Y .n 1 1
any sequence y converging to y and any sequence y in Y .  .1, n 1 2, n 2~there exists y g Y such that2 2
lim sup f x , y , y F f x , y , y , .  .n 1, n 2, n 1 2¢
nª`
3.11 .
Ä .then the multifunction S ., e is sequentially open graph at x for any e ) 0.
Ä .  .  .  .Proof. Let x converging to x, y , y g S x, e , and y , yn 1 2 1, n 2, n
 .  .  .converging to y , y . We have ¨ x, y y ¨ x, y - e but assumption1 2 2 1 1 2
 .   ..  .3.10 respectively 3.11 guarantees that the function ¨ respectively ¨1 2
 .is sequentially lower semicontinuous respectively upper semicontinuous
then
lim sup¨ x , y y lim inf ¨ x , y - e .  .2 n 1, n 1 n 2, n
nª`nª`
and, proceeding as in the proof of Proposition 3.2, we can conclude that,
Ä .  .for n sufficiently large, y , y g S x , e .1, n 2, n n
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 .   ..Remark 3.4. Let us note that the assumption 3.10 respectively 3.11
is satisfied if f is sequentially lower semicontinuous respectively sequen-
.  .  .tially upper semicontinuous at x, y , y for any y , y g Y = Y and1 2 1 2 1 2
 .Y respectively Y is sequentially compact but the contrary is not true as1 2
shown by the following example.
w xEXAMPLE 3.2. Let X s Y s Y s y1, 1 and f : X = Y = Y ª R1 2 1 2
defined by
y q y if y , y g Y = Y y 0, 0 4 .  .1 2 1 2 1 2f x , y , y s .1 2  2 if y , y s 0, 0 .  .1 2
for any x g X.
 .Such a function is not lower semicontinuous at x, 0, 0 for any x g X
 .  .but satisfies assumption 3.10 . In fact if y s 0 and y is a sequence2 2, n
 .converging to 0 in Y for any sequence y in Y we have2 1, n 1
lim inf f x , y , y G y1 s f x , y1, 0 . .  .n 1, n 2, n
nª`
 .Finally let us study the lower semicontinuity of the multifunction S ., e
for e ) 0.
PROPOSITION 3.4. Let Y and Y be two first countable topological con¨ex1 2
 .  .spaces and x g X. If the following assumptions are satisfied: 3.6 , 3.7 , and
the function f x , . , y is con¨ex on Y for any y g Y 3.12 .  .2 1 2 2
the function f x , y , . is conca¨e on Y for any y g Y , 3.13 .  .1 2 2 2
 .then the multifunction S ., e is sequentially lower semicontinuous at x for any
e ) 0.
Ä .Proof. For any e ) 0 the subset S x, e is non-empty because the
 .function f x, . , . is supposed to have a saddle value. Now let us prove that
Ä .  .S x, e : cl S x, e where cl A denotes the closure of the set A. Consider
Ä .  .  .  .y , y g S x, e , y , y g S x, e , and for any n g N,Ä Ä1 2 1 2
1 1 1 1
y s y q 1 y y and y s y q 1 y y .Ä Ä1, n 1 1 2, n 2 2n n n n
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w x  .As in 14, Proposition 6.2 , we can prove that y , y is convergent to1, n 2, n
 .  .y , y . Moreover, from 3.12 , we have1 2
1 1
sup f x , y , y F sup f x , y , y q 1 y f x , y , y .  . .Ä1, n 2 1 2 1 2 /n ny gY y gY2 2 2 2
1 1
F sup f x , y , y q 1 y sup f x , y , y . .Ä1 2 1 2 /n ny gY y gY2 2 2 2
1 1
s ¨ x , y q 1 y ¨ x , y . . .Ä2 1 2 1 /n n
 .Similarly, by using 3.13 , we can deduce
1 1 1 1
inf f x , y , y q 1 y y G ¨ x , y q 1 y ¨ x , y . .Ä Ä1 2 2 1 2 1 2 /  / /n n n ny gY1 1
then
¨ x , y y ¨ x , y .  .2 1, n 1 2, n
1 1
F ¨ x , y y ¨ x , y q 1 y ¨ x , y y ¨ x , y .  . .  .Ä Ä2 1 1 2 2 1 1 2 /n n
- e
Ä .  .  .  .and y , y g S x, e . But y , y is convergent to y , y and1, n 2, n 1, n 2, n 1 2
Ä .  .then y , y g cl S x, e .1 2
 .Finally, let e ) 0 and x be a sequence converging to x. Fromn
Proposition 3.2 we have
Ä ÄS x , e : cl S x , e : cl Lim inf S x , e . .  .  .n
n
Ä .But Y and Y being first countable topological spaces, Lim inf S x , e is1 2 n
n
a sequentially closed subset in Y = Y and1 2
ÄS x , e : Lim inf S x , e : Lim inf S x , e . .  .  .n n
n n
Remark 3.5. If Y and Y are not first countable topological spaces it is1 2
 .possible to obtain S ., e nearly sequentially lower semicontinuous in x,
w xthat is 11 ,
s
S x , e : Lim inf S x , e , .  .n
n
swhere A is the sequential closure of A.
MORGAN AND RAUCCI42
w xRemark 3.6. In 7 under assumptions on the marginal functions ¨ and1
 .  .¨ the following result for S ., e has been obtained: for any sequence x2 n
 .  .converging to x and for any y , y g S x, e there exist a sequence1 2
 .  .  . y , y converging to y , y and a sequence e converging to e with1, n 2, n 1 2 n
.  .  .e ) e such that y , y g S x , e for n large enough.n 1, n 2, n n n
Note that e ) e and e depends on x , x, y , y so this property doesn n n 1 2
 .not imply the lower semicontinuity of the multifunction S ., e at x.
4. SADDLE POINT UNDER CROSSED CONSTRAINTS
In this section we consider the case in which the strategy of a player
belongs to a subset depending not only on the parameter x but also on the
strategy of the other player. Now we are interested in the multifunctions
Ä .  .S ., e and S x, e as defined in Definition 2.4 and the marginal functions
 .¨ and ¨ are defined by 2.1 .1 2
A first result is the following:
PROPOSITION 4.1. Let x g X. If the following assumptions are satisfied,
the function f is sequentially upper semicontinuous at x , y , y .1 2 4.1 . for any x g X , y g Y , and y g K x , y ; .2 2 1 1 2
the function f is sequentially lower semicontinuous at x , y , y .1 2 4.2 . for any x g X , y g Y , and y g K x , y ; .1 1 2 2 1
the multifunctions K and K are sequentially closed graph1 2 respecti¨ ely at x , y for any y g Y and at x , y for any y g Y ; .  .2 2 2 1 1 1
4.3 .
the multifunctions K and K are sequentially lower semicontinuous1 2 respecti¨ ely at x , y for any y g Y and at x , y for any y g Y ; .  .2 2 2 1 1 1
4.4 .
the function f is marginally proper with respect to the constraints, that is,
for any x g X , for any y g Y there exists y g K x , y such that .2 2 1 1 2 f x , y , y - q`; .1 2
4.5 .
for any x g X , for any y g Y there exists y g K x , y such that .1 1 2 2 1 f x , y , y ) y`; .1 2
4.6 .
 .then the multifunction S ., e is sequentially closed graph at x for any e G 0.
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 .  .   .  ..Proof. Under assumptions 4.1 and 4.4 respectively 4.2 and 4.4
 .the marginal function ¨ is sequentially upper semicontinuous at x, y1 2
for any y g Y respectively ¨ is sequentially lower semicontinuous at2 2 2
 . .  w x.  .x, y for any y g Y see 12, Proposition 3.2.1 . Let x converge to x1 1 1 n
 .  .and y , y g Y = Y such that there exist two sequences y and1 2 1 2 1, k
 .  .y respectively convergent to y and y and satisfying y , y g2, k 1 2 1, k 2, k
 .  .  .S x , e with y g K x , y and y g K x , y . As in the proofn 1, k 1 n 2, k 2, k 2 n 1, kk k k
 .  .  .of Proposition 3.1 we can prove that ¨ x, y y ¨ x, y F e . But y2 1 1 2 1, k
 .and y are respectively convergent to y and y and, the multifunctions2, k 1 2
 .  .K and K being sequentially closed graph, y g K x, y , y g K x, y ,1 2 1 2 2 2 1
 .  .and y , y g S x, e for any e G 0.1 2
Now, in order to study lower semicontinuity in this case, for any x g X
 . .let K m K x : Y = Y ª Y = Y be the multifunction defined by1 2 1 2 1 2
K m K x y , y s K x , y = K x , y . 4.7 .  .  .  .  .  .1 2 1 2 1 2 2 1
w . .x  . .Let Fix K m K x be the set of fixed points of K m K x and1 2 1 2
Fix K m K : X ª Y = Y be the multifunction defined by1 2 1 2
Fix K m K x s Fix K m K x . 4.8 .  .  .  .  .1 2 1 2
 .DEFINITION 4.1. The pair K , K is sequentially cross lower semicon-1 2
  ..tinuous at x iff the multifunction Fix K m K defined by 4.8 is1 2
 .sequentially lower semicontinuous at x, that is, for any sequence xn
 .  .converging to x and any y , y g Y = Y such that y g K x, y and1 2 1 2 1 1 2
 .  .  .y g K x, y there exist two sequences y and y respectively2 2 1 1, n 2, n
 .converging to y and y such that, for any n g N, y g K x , y and1 2 1, n 1 n 2, n
 .y g K x , y .2, n 2 n 1, n
 .DEFINITION 4.2. The pair K , K is sequentially cross open graph at x1 2
iff the multifunction Fix K m K is sequentially open graph at x, that is,1 2
 .  .for any sequence x converging to x, any y , y g Y = Y such thatn 1 2 1 2
 .  .  .y g K x, y and y g K x, y , any sequence y converging to y1 1 2 2 2 1 1, n 1
 .and any sequence y converging to y , we have, for n sufficiently large,2, n 2
 .  .y g K x , y and y g K x , y .1, n 1 n 2, n 2, n 2 n 1, n
 .DEFINITION 4.3. The pair K , K is cross convex-valued iff the multi-1 2
function Fix K m K is convex-valued.1 2
Ä .  .Now we are able to study the properties of S ., e and S ., e for e ) 0.
 .  .  .PROPOSITION 4.2. Let x g X. Assume that 4.1 , 4.2 , 4.4 , and the
following assumption are satisfied:
the pair K , K is sequentially cross lower semicontinuous at x . 4.9 .  .1 2
Ä .Then the multifunction S ., e is sequentially lower semicontinuous at x for
any e ) 0.
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w xProof. From Proposition 3.2.1 in 12 the function ¨ is sequentially1
 .upper semicontinuous at x, y for any y g Y and the function ¨ is2 2 2 2
 .  .sequentially lower semicontinuous at x, y for any y g Y . Let x be a1 1 1 n
Ä .  .  .sequence converging to x and y , y g S x, e . From 4.9 there exist two1 2
 .  .sequences y and y respectively converging to y and y such that1, n 2, n 1 2
 .  .for any n g N, y g K x , y and y g K x , y therefore, by1, n 1 n 2, n 2, n 2 n 1, n
 .proceeding as in Proposition 3.2, we can prove that ¨ x , y y2 n 1, n
Ä .  .  .¨ x , y - e for n sufficiently large, that is, y , y g S x , e .1 n 2, n 1, n 2, n n
Analogously we can easily prove:
 .  .  .PROPOSITION 4.3. Let x g X. If assumptions 4.1 , 4.2 , 4.4 , and the
following are satisfied,
the pair K , K is sequentially cross open graph at x , 4.10 .  .1 2
Ä .then the multifunction S ., e is sequentially open graph at x for any e ) 0.
So we obtain the following result:
PROPOSITION 4.4. Let Y and Y be two first countable topological con¨ex1 2
 .  .  .  .  .spaces, x g X, and e ) 0. If the assumptions 4.1 , 4.2 , 4.4 , 4.9 , 3.12 ,
 .and 3.13 are satisfied and
the pair K , K is cross con¨ex-¨ alued at x 4.11 .  .1 2
 .then the multifunction S ., e is sequentially lower semicontinuous at x.
Ä Ä .  .  .  .Proof. Prove that S x, e : cl S x, e . Let y , y g S x, e / B,Ä Ä1 2
 .  .  .   ..  .y , y g S x, e , and y s 1rn y q 1 y 1rn y , y s 1rn y qÄ Ä1 2 1, n 1 1 2, n 2
  ..  .  . .  . 1 y 1rn y . Then y , y g Fix K m K x and y , y g Fix K mÄ Ä2 1 2 1 2 1 2 1
. .K x .2
 .  .  . .  .So, from assumption 4.11 , y , y s 1rn y , y q 1 y 1rnÄ Ä1, n 2, n 1 2
 . w  .x .  .  .y , y g Fix K m K x and y g K x, y , y g K x, y .1 2 1 2 1, n 1 2, n 2, n 2 1, n
In order to conclude, it is now sufficient to proceed as in Proposition
3.4.
Remark 4.1. If Y and Y are not first countable topological spaces it is1 2
 .possible to obtain S ., e nearly sequentially lower semicontinuous at x.
Now let us consider the case in which the multifunctions K and K are1 2
defined by a finite number of inequalities, that is,
K x , y s y g Y such that g x , y , y F 0 for j s 1, . . . , q ; .  . 41 2 1 1 1, j 1 2
K x , y s y g Y such that g x , y , y F 0 for h s 1, . . . , p , 4 .  .2 1 2 2 2, h 1 2
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where g and g are real valued functions defined on X = Y = Y . In1, j 2, h 1 2
 .  .this case it is possible to express conditions 4.4 and 4.9 in terms of the
functions g and g . In order to simplify, here we consider only the1, j 2, h
case in which q s p s 1 and we set g s g , g s g .1, 1 1 2, 1 2
PROPOSITION 4.5. Let x g X. If the following assumptions are satisfied:
 .  .4.1 , 4.2 , and
Y s Rn , Y s Rm with n , m g N 4.12 .1 2
¡the functions g x , . , . and g x , . , . .  .1 2
w xare strictly quasi-con¨ ex in Y = Y , that is 17 ,1 2
g x , ty q 1 y t z , ty q 1 y t z - .  . .i 1 1 2 2~max g x , y , z , g x , y , z 4 .  . 4.13 .i 1 1 i 2 2
x wfor any t g 0, 1 , for i s 1, 2
and for any y , z , y , z g Y = Y .  .1 1 2 2 1 2¢¨ erifying g x , y , z / g x , y , z ; .  .i 1 1 i 2 2
there exists y , y g Y = Y such that .1 2 1 2 4.14 . g x , y , y - 0 and g x , y , y - 0; .  .1 1 2 2 1 2
the functions g x , . , . and g x , . , . are upper .  .1 2 4.15 . semicontinuous at Y = Y ;1 2
for any y g Y there exists y g Y such that g x , y , y F 0 .2 2 1 1 1 1 2 and for any y g Y there exists y g Y such that g x , y , y F 0; .1 1 2 2 1 2
4.16 .
¡for any sequence x con¨erging to x , any y , y g Y = Y , .  .n 1 2 1 2
any sequence y respecti¨ ely y con¨erging to y .  . .2, n 1, n 2
respecti¨ ely y there exists a sequence y respecti¨ ely y .  .  . .~ 1 1, n 2, n
con¨erging to y respecti¨ ely y such that .1 2
lim sup f x , y , y F f x , y , y , .  .n 1, n 2, n 1 2¢
nª`
4.17 .
Ä .then the multifunction S ., e is sequentially lower semicontinuous at x for any
e ) 0.
 .  .  .  .Proof. From assumptions 4.12 , 4.13 , 4.16 , and 4.17 , condition
 .  w x.4.4 is satisfied see Proposition 3.3 and Remark 3.1 in 13 . Moreover
let H and H be the two multifunctions defined on X, and valued in1 2
Y = Y , by1 2
 4H x s y , y g Y = Y such that g x , y , y F 0 for i g 1, 2 . 4 .  .  .i 1 2 1 2 i 1 2
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 .It is easy to verify that 4.9 and
H l H is sequentially lower semicontinuous at x 4.18 .1 2
are equivalent conditions.
 .  .  .  .  .So from assumptions 4.12 , 4.13 , 4.14 , 4.15 , and 4.17 we deduce
 . that the condition 4.18 is satisfied see Proposition 3.4 and Remark 3.1
w x.in 13 and it is possible to apply Proposition 4.2.
 .For what concerns the multifunction S ., e we obtain:
PROPOSITION 4.6. Let x g X. If the following assumptions are satisfied:
 .  .  .  .3.12 , 3.13 , 4.12 to 4.17 , and
the functions g x , ., . and g x , ., . are quasi-con¨ ex on Y = Y , 4.19 .  .  .1 2 1 2
 .then the multifunction S ., e is sequentially lower semicontinuous at x for any
e ) 0.
 .Proof. From the proof of Proposition 4.5 we know that conditions 4.4
 .  .  .and 4.9 are satisfied. From condition 4.19 we deduce that 4.11 is
satisfied and we can apply Proposition 4.4.
Remark 4.2. Let us recall that a strictly quasi-convex function is not
necessarily quasi-convex but a strictly quasi-convex and lower semicontinu-
 w x.ous function is also quasi-convex see 17 .
5. EXISTENCE AND APPROXIMATION RESULTS
FOR WEAK HIERARCHICAL
SADDLE POINT PROBLEMS
In order to give an example of an application of the previous results
 .we consider now the weak hierarchical saddle point problem w-HSPP
defined in the Introduction,
find x g X such that¡~w-HSPP . inf sup l x , y , y s sup l x , y , y .  .1 2 1 2¢xgX  .  .  .  .y , y gS x y , y gS x1 2 1 2
and we suppose that X, Y , Y are three sequentially compact spaces.1 2
 .To obtain existence of solutions to w-HSPP it is sufficient to have
lower semicontinuity of the marginal function w defined by
w x s sup l x , y , y . .  .1 2
 .  .y , y gS x1 2
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But the lower semicontinuity of S is a sufficient condition for the lower
 w x.semicontinuity of w see, for example, 12, Proposition 3.2.1 so we
consider the regularized problem,
find x g X such that¡~w-HSPP e .  . inf sup l x , y , y s sup l x , y , y , .  .1 2 1 2¢xgX  .  .  .  .y , y gS x , e y , y gS x , e1 2 1 2
 .  .where S x, e is the set of e-saddle points for the problem S x as
defined in Definition 2.4. We obtain:
THEOREM 5.1. If the assumptions of Proposition 4.4 resp. Proposition
.4.6 when the multifunctions K and K are defined by inequalities and the1 2
following are satisfied,
the function l is sequentially lower semicontinuous at X = Y = Y , 5.1 .1 2
 . .then there exists a solution to w-HSPP e .
 .Proof. In our assumptions, the multifunction S ., e is lower semiconti-
w xnuity so to conclude it takes only to apply Proposition 2.3.1 of 11 .
Now let
¨ e s inf sup l x , y , y .  .1 2
xgX  .  .y , y gS x , e1 2
 .for any e G 0 and ¨ 0 s ¨ then we have:
THEOREM 5.2. Assume that the assumptions of Theorem 5.1 and the
following are satisfied:
¡for any x g X , there exists a sequence x con¨erging to x .n
such that , for any y , y g Y = Y and any sequence y , y .  .~ 1 2 1 2 1, n 2, n
con¨erging to y , y we ha¨e lim sup l x , y , y F l x , y , y . .  .  .1 2 n 1, n 2, n 1 2¢
nª`
5.2 .
 .Then lim ¨ e s ¨ .
eª0
 .Proof. Let e be a sequence of real positive numbers such thatn
lim e s 0. We can prove thatn
nª`
lim ¨ e s ¨ . 5.3 .  .n
nª`
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 .  .In fact, from S x : S x, e , we get
¨ F lim inf ¨ e 5.4 .  .n
nª`
w xand, proceeding as in 15, Proposition 2.4 we can prove
lim sup¨ e F ¨ . 5.5 .  .n
nª`
 .  .  .From 5.4 and 5.5 we have 5.3 and now it is easy to conclude.
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